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Abstract: 

In this paper we present the N-norms/N-conorms in neutrosophic logic and set as extensions of 
T-norms/T-conorms in fuzzy logic and set. 

Also, as an extension of the Intuitionistic Fuzzy Topology we present the Neutrosophic 
Topologies. 


1. Definition of the Neutrosophic Logic/Set: 

Let T, I, F be real standard or non-standard subsets of T0, 1°T, 
with sup T = t_sup, inf T = t_inf, 
sup I =i sup, inf I =1_inf, 
sup F =f sup, inf F =f inf, 
andn sup=t_supti_sup+f sup, 

n inf =t inf+i inf+f inf. 

Let U be a universe of discourse, and M a set included in U. An element x from U is noted with 
respect to the set M as x(T, I, F) and belongs to M in the following way: it is t% true in the set, 
i% indeterminate (unknown if it is or not) in the set, and f% false, where t varies in T, i varies in 
I, f varies in F. 

Statically T, I, F are subsets, but dynamically T, I, F are functions/operators depending on many 
known or unknown parameters. 








2. Ina similar way define the Neutrosophic Logic: 
A logic in which each proposition x is T% true, I% indeterminate, and F% false, and we write it 
x(T,I,F), where T, I, F are defined above. 


3. As a generalization of T-norm and T-conorm from the Fuzzy Logic and Set, we now 
introduce the N-norms and N-conorms for the Neutrosophic Logic and Set. 


We define a partial relation order on the neutrosophic set/logic in the following way: 
x(T1, l, F;) < y(T2, lL, F2) iff Gf and only if) Tı < T, l > l, F, = F2 for crisp 
components. 
And, in general, for subunitary set components: 
x(T;, I, F;) < y(T2, l, F2) iff 
inf T; < inf T2, sup T; < sup To, 
inf lı > inf In, sup I, = sup Io, 
inf F; > inf F2, sup F, > sup Fo. 





If we have mixed - crisp and subunitary - components, or only crisp components, we can 
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transform any crisp component, say “a” with a € [0,1] or a€]0, 1’[, into a subunitary set [a, a]. 
So, the definitions for subunitary set components should work in any case. 


3.1. N-norms 
Na: (70,1 x TOLT x JO,1°T YP? — TOII x OUT x TOLI 


Na (x(T1.1,,F 1), y(T2,1),F2)) = (NiT(xy), N, I(x, y), N,F(x,y)), 
where N,T(.,.), NaI(.,.), NnF(.,.) are the truth/membership, indeterminacy, and respectively 
falsehood/nonmembership components. 


Nn have to satisfy, for any x, y, z in the neutrosophic logic/set M of the universe of discourse U, the 
following axioms: 

a) Boundary Conditions: N(x, 0) = 0, Na(x, 1) =x. 

b) Commutativity: Na(x, y) = Nna(y, x). 

c) Monotonicity: If x < y, then Ny(x, z) < Na(y, 2). 

d) Associativity: Na(Nn (x, y), z) = Na(x, Nay, z)). 


There are cases when not all these axioms are satisfied, for example the associativity when dealing with 
the neutrosophic normalization after each neutrosophic operation. But, since we work with 
approximations, we can call these N-pseudo-norms, which still give good results in practice. 


N, represent the and operator in neutrosophic logic, and respectively the intersection operator in 
neutrosophic set theory. 


Let J € {T, I, F} be a component. 

Most known N-norms, as in fuzzy logic and set the T-norms, are: 
e The Algebraic Product N-norm: Np-algebraicJ(X, y) = X ` y 

¢ The Bounded N-Norm: Np-boundedJ(X, y) = max {0, x + y— 1} 

¢ The Default (min) N-norm: Ny-minJ(x, y) = min{x, y}. 


A general example of N-norm would be this. 
Let x(T), lı, Fi) and y(T2, l2, F2) be in the neutrosophic set/logic M. Then: 

Nn(x, y) = (T,AT2, IVIL, F\VF,) 
where the “/\” operator, acting on two (standard or non-standard) subunitary sets, is a N-norm (verifying 
the above N-norms axioms); while the “V” operator, also acting on two (standard or non-standard) 
subunitary sets, is a N-conorm (verifying the below N-conorms axioms). 

For example, /\ can be the Algebraic Product T-norm/N-norm, so TAT: = T;-T2 (herein we 
have a product of two subunitary sets — using simplified notation); and V can be the Algebraic 
Product T-conorm/N-conorm, so T;\VT2 = T;+T2-T:T2 (herein we have a sum, then a product, and 
afterwards a subtraction of two subunitary sets). 

Or ^ can be any T-norm/N-norm, and V any T-conorm/N-conorm from the above and below; for 
example the easiest way would be to consider the min for crisp components (or inf for subset components) 
and respectively max for crisp components (or sup for subset components). 

If we have crisp numbers, we can at the end neutrosophically normalize. 


3.2. N-conorms 


Ne: ( TO, 1T x YO,1°L x TOIT)? — JOT x TOIT x 10,1 


Ne (x(T1.11,F 1), y(T2,1b,F2)) = (N.T(x,y), N.I(x,y), N.F(x,y)), 
where N T(.,.), NaI(.,-), N F(C...) are the truth/membership, indeterminacy, and respectively 
falsehood/nonmembership components. 


Ne have to satisfy, for any x, y, z in the neutrosophic logic/set M of universe of discourse U, the 
following axioms: 

a) Boundary Conditions: N,(x, 1) = 1, N(x, 0) =x. 

b) Commutativity: Ne (x, y) = Nc(y, x). 

c) Monotonicity: if x < y, then N,(x, z) < Nc(y, Z). 

d) Associativity: Ne (N(x, y), zZ) = Ne(x, Ne(y, Z)). 


There are cases when not all these axioms are satisfied, for example the associativity when dealing with 
the neutrosophic normalization after each neutrosophic operation. But, since we work with 
approximations, we can call these N-pseudo-conorms, which still give good results in practice. 


Ne represent the or operator in neutrosophic logic, and respectively the union operator in neutrosophic set 
theory. 


Let J € {T, I, F} be a component. 

Most known N-conorms, as in fuzzy logic and set the T-conorms, are: 
e The Algebraic Product N-conorm: Ne-algebraicJ(X, y) =X +y =x: y 

¢ The Bounded N-conorm: Ne-boundedJ(x, y) = min{1, x +y} 

¢ The Default (max) N-conorm: No-maxJ(x, y) = max {x, y}. 


A general example of N-conorm would be this. 
Let x(T1, lı, Fi) and y(T2, l2, F2) be in the neutrosophic set/logic M. Then: 

N(x, y) = (TiWVT2, LAL, FiAF2) 

Where — as above - the “/\” operator, acting on two (standard or non-standard) subunitary sets, is a N- 
norm (verifying the above N-norms axioms); while the “\V” operator, also acting on two (standard or non- 
standard) subunitary sets, is a N-conorm (verifying the above N-conorms axioms). 

For example, A can be the Algebraic Product T-norm/N-norm, so T,/\T2 = T;:T2 (herein we 
have a product of two subunitary sets); and V can be the Algebraic Product T-conorm/N-conorm, so 
T,VT2 = T1+T2-T-T2 (herein we have a sum, then a product, and afterwards a subtraction of two 
subunitary sets). 

Or /\ can be any T-norm/N-norm, and V any T-conorm/N-conorm from the above; for example 
the easiest way would be to consider the min for crisp components (or inf for subset components) and 
respectively max for crisp components (or sup for subset components). 

If we have crisp numbers, we can at the end neutrosophically normalize. 


Since the min/max (or inf/sup) operators work the best for subunitary set components, let’s 
present their definitions below. They are extensions from subunitary intervals {defined in [3]} to any 
subunitary sets. Analogously we can do for all neutrosophic operators defined in [3]. 

Let x(T1, lı, F1) and y(T2, Iz, F2) be in the neutrosophic set/logic M. 


Neutrosophic Conjunction/Intersection: 
xA\y=(Ta In Fn), 


where inf Ta = min{inf T), inf T2} 
sup Ta = min {sup Tı, sup T2} 
inf I, = max {inf l, inf Iz} 
sup I, = max {sup |, sup Ib} 
inf F, = max {inf F,, inf F2} 
sup Fa = max {sup F1, sup F2} 


Neutrosophic Disjunction/Union: 

xVy=(Tv,Iv,Fv), 

where inf Ty = max {inf T), inf T2} 
sup Ty = max {sup Tı, sup T2} 
inf Iy = min {inf I,, inf I} 
sup Iy = min {sup I), sup Ip} 
inf Fy = min {inf F), inf F2} 
sup Fy = min {sup F, sup F2} 


Neutrosophic Negation/Complement: 
Ax) = (Tale Fe), 
where T, = F; 
inf I, = 1-sup Iı 
sup I, = 1-inf I; 
Por 


Upon the above Neutrosophic Conjunction/Intersection, we can define the 


Neutrosophic Containment: 
We say that the neutrosophic set A is included in the neutrosophic set B of 
the universe of discourse U, 
iff for any x(Ta, Ta, Fa) EA with x(Tz, Ip, Fg) €B we have: 
inf Ta < inf Tg ; sup Ta < sup Tp; 
inf I, > inf Iz; sup I, > sup Iz; 
inf Fa > inf Fg ; sup Fa => sup Fp. 


3.3. Remarks. 

a) The non-standard unit interval T0, 1°[ is merely used for philosophical applications, especially 
when we want to make a distinction between relative truth (truth in at least one world) and 
absolute truth (truth in all possible worlds), and similarly for distinction between relative or 
absolute falsehood, and between relative or absolute indeterminacy. 


But, for technical applications of neutrosophic logic and set, the domain of definition and range of the N- 
norm and N-conorm can be restrained to the normal standard real unit interval [0, 1], which is easier to 
use, therefore: 


Nn: ( [0,1] x [0,1] x [0,1] )? — [0,1] x [0,1] x [0,1] 
and 
Ne: ( [0,1] x [0,1] x [0,1] )° — [0,1] x [0,1] x [0,1]. 


b) Since in NL and NS the sum of the components (in the case when T, I, F are crisp numbers, not 
sets) is not necessary equal to 1 (so the normalization is not required), we can keep the final result 
un-normalized. 


But, if the normalization is needed for special applications, we can normalize at the end by 
dividing each component by the sum all components. 
If we work with intuitionistic logic/set (when the information is incomplete, i.e. the sum of the 
crisp components is less than 1, i.e. swb-normalized), or with paraconsistent logic/set (when the 
information overlaps and it is contradictory, i.e. the sum of crisp components is greater than 1, i.e. 
over-normalized), we need to define the neutrosophic measure of a proposition/set. 
If x(T,LF) is a NL/NS, and T,I,F are crisp numbers in [0,1], then the neutrosophic vector norm 
of variable/set x is the sum of its components: 
Nkector-norm(X) = T+HF. 

Now, if we apply the N, and N, to two propositions/sets which maybe intuitionistic or 
paraconsistent or normalized (i.e. the sum of components less than 1, bigger than 1, or equal to 1), 
x and y, what should be the neutrosophic measure of the results N,(x,y) and N,(x,y) ? 
Herein again we have more possibilities: 
- either the product of neutrosophic measures of x and y: 

N vector-norm(Nn(X,y)) = Nyeector-norm(X)* Nvector-norm (Y), 
- or their average: 


N vector-norm(Nn(X,Y)) = (N vector-norm(X) + Nvector-norm(Y))/ 2, 
- or other function of the initial neutrosophic measures: 


Nyeector-norm(Nn(X,y)) = fONvector-norm(X)5 Nvector-norm(y)), Where f(.,.) is a function to be determined 
according to each application. 


Similarly for Nyector-norm(Ne(X,y)). 

Depending on the adopted neutrosophic vector norm, after applying each neutrosophic operator 
the result is neutrosophically normalized. We’d like to mention that “neutrosophically 
normalizing” doesn’t mean that the sum of the resulting crisp components should be 1 as in 
fuzzy logic/set or intuitionistic fuzzy logic/set, but the sum of the components should be as above: 
either equal to the product of neutrosophic vector norms of the initial propositions/sets, or equal 
to the neutrosophic average of the initial propositions/sets vector norms, etc. 

In conclusion, we neutrosophically normalize the resulting crisp components T’,I’,F* by 
multiplying each neutrosophic component T`, ,F` with S TI +F`), where 

S= Nvector-norm(Nn(x,y)) for a N-norm or S= N\ector-norm(N-(x,y)) for a N-conorm - as defined above. 


c) IfT, I, F are subsets of [0, 1] the problem of neutrosophic normalization is more difficult. 

i) Ifsup(T)+sup(I)+sup(F) < 1, we have an intuitionistic proposition/set. 

ii) If inf(T)+inf()+inf(F) > 1, we have a paraconsistent proposition/set. 

iii) If there exist the crisp numbers t €T, i €I, and f € F such that t+i+f =1, then we can 
say that we have a plausible normalized proposition/set. 
But in many such cases, besides the normalized particular case showed herein, we 
also have crisp numbers, say tı € T, i; €I, and fı € F such that tı+iı+fı < 1 (incomplete 
information) and tz € T, i2 € I, and f2€ F such that tz+i2+f > 1 (paraconsistent 
information). 


4. Examples of Neutrosophic Operators which are N-norms or N-pseudonorms or, 
respectively N-conorms or N-pseudoconorms. 


We define a binary neutrosophic conjunction (intersection) operator, which is a 
particular case of a N-norm (neutrosophic norm, a generalization of the fuzzy T-norm): 


e™ :([0,1]x[0,1]x[0,1]) > [0,1] [0,1] x [0,1] 

c" (x,y) = (TEGE +D +L, EF, + Fl, + FT, + FT, + F,1,). 
The neutrosophic conjunction (intersection) operator x, y component truth, indeterminacy, 
and falsehood values result from the multiplication 

(T +1, +F) (T, +1, +F,) 
since we consider in a prudent way T < I < F , where “<” is a neutrosophic relationship and 
means “weaker”, i.e. the products TJ, will go to Z, T,F, will goto F , and JF, will go to F for 


all i,j € {1,2}, i1*j, while of course the product T;T2 will go to T, In will go to I, and FF; will 
go to F (or reciprocally we can say that F prevails in front of 7 which prevails in front of T, 
and this neutrosophic relationship is transitive): 


| fy Ei) (TT è h F) <a 
(T2 L F2) (T2 L F)) (T: I, F2) 


So, the truth value is TT,, the indeterminacy value is /,J,+1,7,+TI, and the false value is 
FF, + F1, + FT, + F,T, +F, . The norm of xAw is (T, +1, +F) (T, +1, +F,). Thus, if x 
and y are normalized, then x/, y is also normalized. Of course, the reader can redefine the 


neutrosophic conjunction operator, depending on application, in a different way, for example in a 
more optimistic way, i.e. I <T < F or T prevails with respect to 7 , then we get: 


cl" (x, y)= (TT, +11, + Th LL, RF, + Fl, +AT, + BT, + FL) 
Or, the reader can consider the order T < F < 1 , etc. 


Let’s also define the unary neutrosophic negation operator: 
ny :[0,1]x[0,1]x(0,1] > [0,1]x{0,1]x{0,1] 
ny (T,I,F)=(F,1,T) 


by interchanging the truth T and falsehood F vector components. 


Similarly, we now define a binary neutrosophic disjunction (or union) operator, where 
we consider the neutrosophic relationship F < I <T : 


a™™ : ({0,1]x [0,1] x[0,1]) — [0,1] x [0,1]x [0,1] 
d y)= (TT, +L +B +1F, +7,7, LF, + 1k, + LL, FF) 
We consider as neutrosophic norm of the neutrosophic variable x, where 


NL(x) =T, +1, + F, the sum of its components: T, +I, + F, which in many cases is 1, but can 
also be positive <1 or >1. 


Or, the reader can consider the order F <T <I , in a pessimistic way, i.e. focusing on 
indeterminacy I which prevails in front of the truth T, or other neutrosophic order of the 
neutrosophic components T,I,F depending on the application. 

Therefore, 
d™ G; y)= (ZT, TF, +R, LF, + 1k +L + Tl, + LEE) 


4.1. Neutrophic Composition k-Law 


Now, we define a more general neutrosophic composition law, named k-law, in order to 
be able to define neutrosophic k-conjunction/intersection and neutrosophic k-disjunction/union 
for k variables, where k > 2 is an integer. 


Let’s consider k >2 neutrosophic variables, x, (T,,1,,F,), for all i€ {1,2,...,k}. Let’s 


kapay E PL, 


denote 
Teet) 
I=(1, 1) 
F =(Fp F) 


We now define a neutrosophic composition law o, in the following way: 
Oy :{T,1, F }— [0,1] 


k 
If ze {T,1,F} then z, z=] [z- 


i=l 


If z,.we{7,1,F} then 


Zp WEW, 2 = Zi ok Wy W, 


1 
{istr rst de FELL 2,..5h} 
(i si, JEC” (1,2,...k) 
(Janes JEC (12k) 


where C'(1,2,...,k) means the set of combinations of the elements {1,2,...,k} taken by r. 
[Similarly for C" (1,2,..,k) .] 

In other words, z, w is the sum of all possible products of the components of vectors z 
and w, such that each product has at least a z, factor and at least a w, factor, and each product 


has exactly k factors where each factor is a different vector component of z or of w. Similarly 


if we multiply three vectors: 
k-2 
On ly F — iisi; 
u,v,k—u—v=1 
fiios hai seer duy slapu e} {12k} 
(i siu JEC™ (1,25..-5K)o( Jat ove utv E 
EC” (125.25) (nr rgt 5l EC" (1,2,..-5K) 


jptodacey UPA l; 


Let’s see an example for k =3. 


% (7.1%) 
x (T, ee F,) 
AUE 
T, T=THT, 1, f=), F, F= FEF, 
T, I =T LI, +1; +L +T; +T + 1, 
T, F=TFP,F,+ FDP, + RET, +1TT,F +7PT + FO, 
I, FHL + FL t+ RRIF LE +F +ALL 
T, L F=T LEFT AL +17,5 t+ hb, + LY, + FTI, 
For the case when indeterminacy J is not decomposed in subcomponents {as for 
example J = PUU where P=paradox (true and false simultaneously) and U =uncertainty (true 


or false, not sure which one)}, the previous formulas can be easily written using only three 
components as: 

T, L, F = y TIF, 

Ye i, j,reEP(1,2,3) 
where P(1,2,3) means the set of permutations of (1,2,3) i.e. 
{(1,2,3), (1,3,2), (2,1,3), (2,3,1, ), (3,1,2), (3,2,1)} 
3 

Z, W= 5 ZiWi W; F W;Z;Z, 


(i j.r)=(1,2,3) 
(j.r)eP? (1,2,3) 


This neurotrophic law is associative and commutative. 


4.2. Neutrophic Logic and Set k-Operators 


Let’s consider the neutrophic logic crispy values of variables x, y,z (so, for k = 3): 
NL(x) =(T,,1,,F,) with O<T,,,F, <1 
NL(y)=(T,,1,,F,) with O<T,L,F, <1 
NL(z) =(T,,1,,F,) with 0< T,, 4, F, <1 
In neutrosophic logic it is not necessary to have the sum of components equals to 1, as in 
intuitionist fuzzy logic, i.e. T, +1, + F, is not necessary 1, for 1<k <3 
As a particular case, we define the tri-nary conjunction neutrosophic operator: 
c™ :([0,1]x(0,1]x(0,1]) — [0,1] x [0,1] x [0,1] 


HOPE TI te Te PEE TS r) 


If all x, y, z are normalized, then Ee (x,y,z) is also normalized. 


If x, y, or y are non-normalized, then len" 





(x, ¥,2) =|x|-|y|-|z|, where |w| means 


norm of w. 


ee is a 3-N-norm (neutrosophic norm, i.e. generalization of the fuzzy T-norm). 


Again, as a particular case, we define the unary negation neutrosophic operator: 
n, :[0,1]{0,1}x [0,1] — [0,1] [0,1] [0,1] 
Ny (x) = Ny Bok = (Fick i; 


Let’s consider the vectors: 


T, I Fi 
T=]|T,|,. EJZ and F= |F, |. 
T, L F, 
Fi T, T, Fi 
We note T= |7|, T5|K| T= IT |, T5 | 4], ete 
T, T, F, T 
and similarly 
T, F, T 


For shorter and easier notations let’s denote z, w= zw and respectively z, w, v= zwv 


for the vector neutrosophic law defined previously. 


Then the neutrosophic tri-nary conjunction/intersection of neutrosophic variables x, y, and z is: 
c™ (x,y,z) = (IT, + IT, FF + FI + FT + FIT) = 


= (T, DT, LLL +111, + D1, +L +L +L +17,5, 
ERRE + FI, + FLA + hE + BL, +P +LLE + 
HARB + ADB +h ih +A +E +77,7 + 

+HLLE POL LEE Lhe he + ET, L) 


Similarly, the neutrosophic tri-nary disjunction/union of neutrosophic variables x, y, and 
z 1s: 
a?" (x,y,z) = (IT + TI +TF + TIF I + IF, FF )= 
(T,ToT3 + TiT2b + TYhT3 + LTT; + Tilh + Tok + WL bT3 + T1T2F3 + TyFoT3 + FyToT3 + 
TFoF3 + FyT2F3 + Fy) FoT3 + TihF; + Ty Fels + FoT3 + 1 T2F3 + FipbT3 + FiTols, lill; + WbF3 + 
I, Fol; + Fi LI; + IFF; + FiLF3 + Fy Folks, F1F2F3) 





Surely, other neutrosophic orders can be used for tri-nary conjunctions/intersections and 
respectively for tri-nary disjunctions/unions among the componenets T, I, F. 


5. Neutrosophic Topologies. 


A) General Definition of NT: 
Let M be a non-empty set. 


Let x(Ta, Ia, Fa) € A with x(Tp, Ip, Fp) B be in the neutrosophic set/logic M, where A and B are 
subsets of M. Then (see Section 2.9.1 about N-norms / N-conorms and examples): 

AUB= {xe M, x(TaVTp, IAAI, Fa/\Fs)}, 

AQNB= {xe M, x(Ta/\Tp, IVI, FaVFs)}, 

CA) = {xE M, x(Fa, Ta, Ta)}. 
A General Neutrosophic Topology on the non-empty set M is a family 77 of Neutrosophic Sets in M 


satisfying the following axioms: 


e 0(0,0,1) and 1(1,0,0) € 7; 
e IfA,Be7,thenANBen; 


e Ifthe family {Aw k EK} 7, then |] Ax € 7. 
keK 


B) An alternative version of NT 


-We cal also construct a Neutrosophic Topology on NT = J 0, 1”[, considering the associated family of 
standard or non-standard subsets included in NT, and the empty set Ø, called open sets, which is closed 
under set union and finite intersection. 


Let A, B be two such subsets. The union is defined as: 


AU B = A+B-A‘B, and the intersection as: A © B = A-B. The complement of A, C(A) = {1°}-A, which is 
a closed set. {When a non-standard number occurs at an extremity of an internal, one can write “J” 
instead of “(“ and “[” instead of “)”.} The interval NT, endowed with this topology, forms a neutrosophic 
topological space. 


In this example we have used the Algebraic Product N-norm/N-conorm. But other Neutrosophic 
Topologies can be defined by using various N-norm/N-conorm operators. 


In the above defined topologies, if all x's are paraconsistent or respectively intuitionistic, then one has a 
Neutrosophic Paraconsistent Topology, respectively Neutrosophic Intuitionistic Topology. 
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